We study the behaviour of the PDE solution if δ ε tends to a positive constant γ > 0 when the two parameters δ (homogenization parameter) and (the large deviations parameter) tend to zero with the same speed.
Introduction
Consider the partial differential equation (PDE) given on R d by :
where f is a 1-periodic non-linear function such that :
• ∀x ∈ R d , f (x, 1) = 0
• ∃ c ∈ C R d × R, R the set of bounded and continuous functions on Our purpose is to combine effects of homogenization and large deviation principle regarding PDE parabolic case. This approach of combinatorial effects started with P. Baldi's work [1] which has been expended by Freidlin and Sowers [8] in stochastic differential equations (SDE). Thereafter, Diédhiou and Manga [4] proposed a survey of parabolic PDE in which homogenization prevails on the large deviation principle along with the condition of nondegeneracy. Recently Diédhiou [5] , by a hypo-ellipticity condition of Hörman-der, studies the case when the second order matrix of the operator L ε,δε is degenerate.
In this work, we analyse the situation in which homogenization parameter and large deviation parameter go at the same rate. The difficulty on this case, is to give an explicit limit of the solution u ,δ (t, x)
as in [4] or [5] . We give here the superior and inferior limits of log u ,δ (t, x), from which we can deduce the results given by [4] . Assumption and definition: Let (Ω, F, P) be a probability space on which a d-dimensional Brownian motion W 1 , . . . , W d is defined. Let E the corresponding expectation operator. We have already defined ., . as the standard euclidean inner product on R d ; let . be the associated norm. Also let T d be the d-dimensional torus of size 1 and C ∞ (E; F ) be the space of absolute continuous mapping from E to F ; let . C ∞ (E;F ) be the associated supremum norm. Also we define P T d as the collection of all probability measure on T d . The paper is organized as follow, in the first section we give some results of the LDP and in the second section we study the convergence of the solution u ,δ .
Consider the Markov diffusion process X x,ε,δ t ∈ R d governed by the operator :
Where ( * ) is the symbol of transposition. The trajectories of this process can be constructed with the help of the SDE:
where σ : The vector-valued function B ε,δ is given by :
Since the two parameters δ (homogenization) and ε (large deviation) tend to zero, we consider a new defined parameter δ ε = δ. We suppose that lim ε↓0 δ ε ε = γ, where γ > 0 a constant . So, the homogenization parameter and the large deviation parameter go at the same rate.
is a Brownian motion.
Let us consider the process X ε,δε
The process X ε,δε t : t ≥ 0 T d -valued has a unique invariant measure m γ , and
we have m γ ⇒ m γ , when → 0. We suppose that the matrix a = σσ * is strongly elliptic, the generatorL ε,δε converges to the operator
Large deviation principle
Let us define, for each T > 0 and
Also define theX
If we set
We know that (see Freidlin and Sowers [8] 
where
Then by the theorem of Dembo A. et al. [3] , the random variables {X x, ,δ T , > 0}, satisfy a large deviation principle with rate function I T,x defined by
Thereafter let us define C as :
From Varadhan [3] we have
Then lim inf
Proof.
Without loss of generality we assume that C = 0. Since δ tends much more quickly to zero than , then the homogenization dominates. So we will treat as fixed for the homogenization and afterwards consider large deviations for the homogenized equation. We will mainly use the fact that the mappings σ, C, B 1 are smooth and periodic with period one in each direction, therefore there are bounded and their differentials in the d− dimensional torus T d , which is compact hence bounded in R d . There exist constants such that
LetĈ be the solution of the Poisson equation L γĈ = −C. And let us set X x, ,δ t
So we have
Let us set A(s) = σ∇Ĉ(X x, ,δ s
). By some estimations and using the Girsanov formula, we have
Since X x, ,δ is solution of the SDE
For the other inequality we can notice that
. And we end the proof by showing that the limit of
Convergence of u ε,δ ε
In order to analyse the behaviour of u ε,δε use the representative of Feynman-kac
Where Y x,ε,δε is the progressive measurable solution associated of the BSDE introduced by Pardoux and Peng [9] :
as in Pradeilles [10] , we observe that v ε,δε (t, x) is a viscosity solution of :
log u ,δ (t, x) < 0, then for small enough, there exists
), and then
Let us set Σ t the set of stopping times, and Θ t the set elements of Σ t such that there exists O such that for all
with the convention inf ∅ = t. τ is hence a well defined element of Σ t , and O is an open set associated.
is an element of Σ(resp. Θ) if and only if, for all t ≥ 0, τ t = τ (t, .) ∈ Σ t (resp.Θ t ) where τ (t, ϕ) = τ t (ϕ [0,t] ).
Let us set
Proof: We know lim ↓0 log u ,δ (t, x) is continuous, since u ,δ (t, x) is continuous. Let K be a compact set of E by the remark above, there exists C > 0, such that for all ∀(t, x) ∈ K,
Hence, there exists K such that
Let us set
We can see that
Proposition 2.4. We have
Proof: We have,
(14) using the theorem (1.1), we get
For the other inequality, we set
τ is supper semi-continuous, then there exists η > 0 such that
Let us set u * (t, x) = limu ,x,δ (t, x). Choosing η > 0 such that 
